The purpose of this note is to establish several results, especially Theorem 1 below, relative to degree of approximation to analytic functions and their boundary values, the latter assumed to satisfy certain continuity conditions (Lipschitz conditions, etc.). The present results are closely related to, but more general than, results due to Sewell' and Elliott;2 the results have application to degree of approximation by bounded analytic functions. 
The purpose of this note is to establish several results, especially Theorem 1 below, relative to degree of approximation to analytic functions and their boundary values, the latter assumed to satisfy certain continuity conditions (Lipschitz conditions, etc.). The present results are closely related to, but more general than, results due to Sewell' and Elliott;2 the results have application to degree of approximation by bounded analytic functions. THEOREM 1 . Let E be a bounded open point set of the z-plane whose boundary J consists of a finite number of mutually disjoint analytic Jordan curves Jj, J = i J,.
Let f(z) be analytic on E, continuous on E + J, and of class L(p, a) on J, 0 < a < 1. In the extended plane, let.the set complementary to E + J consist of the mutually disjoint regions El, E2, . ., E,, and for each k and n let points°t
inEkbegiven; k = 1,,2.,v; n = v,v+ 1,v+2, ...;Emlk = n. Suppose k=1 that the points (1) have no limit points on J and that the numbers n/mnk are bounded for all k and n. Then there exist rational functions Rn(z) of respective degrees n whose poles lie in the points (1) such that we have
The class L (p, a) on J is the class of functions each having a one-dimensional pth derivative on J which satisfies there a Lipschitz condition of order a. A rational function of degree n whose poles lie in the points (1) is a function of the form boz" + bizn-' + + bn (z -anl ') ... (Z awnm') except that factors corresponding to possible infinite points among (1) are to be omitted. Here and below, the numbers A, with or without subscript, are constants independent of n and z which, however, may change from one formula to another. For z in E we have
f f(t)dt (3) where the integrals are taken over all J, in the positive sense with respect to the regions composing E. Although the function is defined and analytic at all points of the plane (including by continuity the point at infinity) except on Jj, it is not defined on Jj; we shall consider it to be defined on Jj by relation (3) as continuous in the closure of that region bounded by Jj which contains a subregion of E adjacent to Jj; we allow z in E to approach Jj, and in relation (3) use the limit on Jj, of each of the other terms of (3); then the function (4) is of class L(p, a) on Jj and is analytic throughout that one of the two regions bounded by Jj which contains a subregion of E adjacent to Jj, continuous in the corresponding closed region.
Each curve Jj belongs to the boundary of precisely one region Ek. For every k,
where the integrals are extended over the complete boundary of Ek, over each Jj of this boundary in the same sense as in relation (3); this function Fk(z) is analytic in the interior points of the complement C(Ek) of Ek (the complement contains E + J), continuous on C(Ek), and by our interpretation of expression (4) 
Theorem 1 admits an extension: THEOREM 2. Let E be a bounded closed set whose boundary J consists of a finite number of mutually disjoint analytic Jordan curves Jj, J = >Jj. Let f(z) be analytic in the interior points of E, continuous on E, and of class L(p, a) on J,. 0 < a < 1.
In the extended plane, let the set complementary to E consist of the mutually disjoint regions El, E2, . . ., E,,, and for each k and n let points (1) be given in Ek. Suppose that the points (1) have no limit points on J and that the numbers n/m.* are bounded for all k and n. Then there exist rational functions Rn(z) of respective degrees n whose poles lie in the points (1) such that relation (2) We mention in conclusion some results in the converse direction; it is clearly sufficient to consider approximation by rational functions on a single Jordan curve E. Converses of Theorem 1, its Corollary 2, Theorem 2, and its Corollary 1 have then been established;5 in each case the appropriate continuity properties of f(z) on J are consequences of such an inequality as relation (2) The hearing nerves of vertebrates have their endings on the basilar membrane. The total length of this membrane in man is 35 mm. Its width varies continuously from 0.04 to 0.5 mm., and accordingly the stiffness of the membrane decreases over its length one hundred fold. The whole membrane is imbedded in fluid, and, when it is set in vibration, waves travel from the stiff part of the membrane toward the softer part. The properties of these waves are of major interest.
Our concepts of waves have developed mainly from our experience with waves on the surface of fluids and waves of light, where the so-called geometric rules of optics seem to be particularly applicable. Ordinarily the waves we deal with are propagated in or along a homogeneous medium. In the basilar membrane, however, the waves travel along a medium which changes its physical properties continuously. Experiments show that under these conditions the familiar rules of wave propagation may lead to some wrong conclusions.
Let us consider, for instance, a well-known demonstration experiment, used to show the diffusion between two fluids. As can be seen in Figure 1 , a concentrated copper sulfate solution is placed in the bottom of a plane-parallel glass trough, and on top of this a layer of plain water is floated slowly in order to avoid any turbulence. In a short time the copper sulfate diffuses into the water, and the color of the mixture shows continuous transition. If a small horizontal light beam enters the trough close to the bottom, it crosses the trough without any change in its
